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In a multi-variate calculus course, one of the most difficult tasks for the students is to understand how certain abstract mathematical concepts, such as functions of three variables, gradient, local maxima and minima, etc., relate to the corresponding 3D surfaces. We have created and Augmented Reality application that allows an instructor and a student to manipulate the graph of a function that appears to float above a pattern in front of their eyes. As they move the physical object that contains the pattern, the function moves accordingly, allowing the instructor and the student to see the function from any angle they want. The instructor and student can also point at different points in the surface and enter the formula of many different types of functions to be visualized. In order to asses the pedagogical effectiveness of the tool, an experiment is being conducted at Eafit University. An experimental group of students taking an actual course of Multi-Variate Calculus will be tutored using the tool. A control group will be tutored using more traditional tools, such as Derive, a computer program with a mouse-keyboard and display type of interaction. The Teaching for Understanding framework, developed by a group of researchers at the Harvard Graduate School of Education, is being used to asses the level of understanding of the students in both groups. A panel of experts grades the students´ levels of understanding (naive, novice, apprentice or master) in the different dimensions of understanding (method, purpose, contents and form). In this paper we present the preliminary results and our experience in using the application. TOPICS + KEYWORDS: e-Learning, Augmented Reality, Virtual Reality, University, Evaluation of Learning Technology Systems.

1 Introduction

The way how people teach, learn and understand the key issues in the different knowledge areas has been determined by scientific and technological developments throughout history. In last decades, advances in computation have transformed the way how people interact, acquire knowledge and interpret the world surrounding them in ways that would otherwise not be possible and allowing them to achieve a deeper understanding of various fields of knowledge.

One of the areas that has been more deeply affected by technology is Education. Computer-mediated laboratories have been created in areas such as Math, Physics and others, allowing instructors and students to interact and exchange knowledge. Math and Physics were considered to be based on pure reasoning, and only the trained imagination of experts could create new advances.

Technology has permitted the creation of new areas in Mathematics, as well as the accelerated development of others. Teaching of Mathematics has benefited from the creation of virtual spaces where mathematical objects can be manipulated, allowing students to achieve a deeper understanding of reality through a simultaneous perception of the real and the virtual. This interaction increases understanding of the related mathematical concepts. “… in this sense, the way how the instructor integrates technological changes to his/her practice, hand in hand with an appropriate curricular design, are fundamental for technology to support the teaching and learning processes of Mathematics -- or any other field of knowledge --” [2].

A large variety of functions defining surfaces and volumes are studied in Multi-Variate Calculus. A better understanding of these concepts requires representations to be as close as possible to real models. Traditional representations, such as textbook drawings, drawings on the whiteboard or specialized software, are not the best choices. The interaction that a student can have with these representations is very limited.

Augmented Reality (AR) [1] allows for real-time interaction with virtual objects inside a real environment, allowing the subjects to grasp a better understanding of the concepts and objects at hand.

A new AR application has been developed at the Virtual Reality lab in Eafit University. The application allows students to interact with surfaces with the form z = f(x, y) or with surfaces resulting from particular values of w in functions of the form w = f(x, y, z). Teaching for Understanding [14] has been used as the pedagogical foundation for the design and deployment of the AR application.

2 Development of the application

A Virtual Reality prototype was built first. New functionality, such as rotation, polygon meshes, visualization from various viewpoints, ability to pinpoint points in the surface, among others, was added to the prototype.

In order to enable the visualization of the surface structure, and its position and orientation relative to the axis, semi-transparent surfaces are drawn.

Several forms of interaction were added in order to integrate the Virtual Reality prototype into an Augmented Reality environment. Scaling of the surface, illumination, and others were included then.

3 Visualization of Multi-Variate Calculus in the AR application

Visualization goes beyond perception.  Students can see many things and yet not understand much. This was taken into account when designing the AR application. According to Zimmerman and Cunningham, “If Mathematics is the science of patterns, trying to find the most effective visualization techniques of these patterns and using visualization creatively as a tool for understanding is natural. This is the essence of mathematical visualization” [13] Visualization is not a new concept.  It has been used throughout history in order to explain others –or oneself-- Mathematics or Geometry. Currently, due to advances in computation, it is possible to design new learning experiences that effectively support understanding.

Visualization goes beyond the capability to understand Calculus concepts from graphics of relations, functions or solids. It helps in the integration of concepts, pre-concepts and prerequisites that the students need when starting a new part of the course.

During the first steps of the construction process, functions were created to support visualization of objects such as planes, quadratic functions, cylinders and lines in 3D space. This figures correspond to the beginning of Multi-Variate Calculus courses.

A 3D window, in the form of a cube surrounding the area of interest, was build.  This allows the student to direct his/her attention to maxima, minima, saddle points and other concepts. See Figure 1.
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Figure 1.  Surface inside a 3D window..

The AR application allows interactive visualization of the studied surfaces.  It allows the student to physically move around and about the surface in a natural way, just as it happens with real objects. Additionally, using a 3D tracker, the surface can be manipulated in several ways.  (i) The surface can be translated in order to observe other areas.  (ii) The surface can be scaled, in order to observe either some sections in more detail or a global view.

When studying surfaces, it is important to study the shapes that appear when two surfaces are intersected.  The first implemented type of interaction was among the surface and planes parallel to xy, yz or xz, as shown in Figure 2.  For this purpose, several menus were designed, allowing the user to select the surface and the plane. After the selection, the user can move the intersection plane. The corresponding trace (intersection of the surface and the plane) is projected in real time.
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Figure 2.  Surface interaction with a en electromagnetic 3D Tracker.

Other functions the user can perform with the application are: (i) selecting two points on the surface and then visualizing the line or plane that include those points (see Figure 2),  (ii) selecting one point on the surface and then visualizing the plane tangent to the surface on that point. Both functions can be performed in real-time.

4 Pedagogical validation

The underlying model for the design of the learning experience is provided by the Teaching for Understanding Framework (TFU), developed at the Harvard Graduate School of Education. TFU proposes four dimensions of understanding that have to be developed in a holistic manner: Knowledge, Method, Purpose and Form. Knowledge is related to the student’s ability to transform his/her intuitive beliefs into formal knowledge.  Methods have to do with his/her ability to use those methods, accepted in the field of knowledge, to make/validate new assertions.  Purposes imply the ability to link theory and praxis.  This process gives purpose to the knowledge, because it becomes potentially useful in life.  Forms are demonstrated by the appropriate use of the symbol system of the studied field.  TFU also proposes four Components for its deployment: Understanding Goals, Generative Topics, Performances of Understanding and Ongoing Assessment.

The AR application enables the integration of the Purpose and Form dimensions, which are key aspects in  Multi-Variate Calculus. The AR environment, shared by the instructor and the student, enables an easier manipulation of the surfaces than a real model of the surface.  This fact facilitates observation of important features of the surface that the instructor wants the student to be aware of.

In order to test the application and its impact on the learning processes, several Engineering students, who are currently taking Multi-Variate Calculus, became subjects of the experiment.

5 Students' comments

Each student received instructions on the use of the application and was allowed then to explore the current functionality. At the end, they were asked to fill out a questionnaire about the experience and the application. Some of the questions and answers are transcribed next.

1. What was your impression after visualizing the surfaces with the application?

· “I was amazed and at the same time happy for being able to appreciate so clearly the concepts I have studied in class”.

· “During the observation, the actual form of the surface can be clearly appreciated.  I am intrigued by the possibility of watching the surface from any angle or plane”.

2. What important differences do you find between this form of visualization and others, like the textbook, specialized software, the graphics drawn by the instructor on the whiteboard and others?

· “The key difference is that I can manipulate the figures as I like. I am not forced to see them as the book presents them”.

· “Observing the figure as it is, allows me to have an observation from above, from any side or even some non-orthogonal views. It allows the actual work in (3 which is fundamental to study the surface”.

3. After having seen some surfaces in space with the help of the application, do you have a better understanding of functions in space?

· “Of course.  When these functions are intercepted with different planes and when the traces are represented on a plane, the existing relations with other graphs (ellipse, parabola, circumference, etc.) can be observed in a clear manner”.

· “Yes, in some cases the student observes the textbook from the side, or from above, trying to extract the actual shape from the printed surface.  Additionally, the traces resulting from intercepting the surface with planes can be clearly visualized”.

4. What suggestions do you have to improve the application?

· “Allowing the possibility to alter the functions, as well as their domains and ranges”.

· “It would be good to be able to rotate the coordinate axis, in order to change the orientation. Additionally, the possibility of rendering surfaces that are not centered at the origin”.

5. Regarding the affirmation “Using the application I understand better functions/relations in space”, all students agreed.

6. Regarding the affirmation “It if easy to move planes that intersect the surface”, some students agreed and some were neutral.

7. Regarding the affirmation “I want to use this tool in the rest of the course” all students agreed completely.

At the end of the experience, most students found that interaction with the different components of the application (hmd, 3D tracker) was easy.  This is an important aspect because the training period was very short.

6 Conclusions

All students that have taken part of the learning experience using the application have reported a better understanding of the concepts than when using traditional methods.
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